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1. INTRODUCTION

My principal areaof researchinterestis that of inverse problemsin partial differential
equations.Briefly, an inverseproblemmay be describedasa problemof non-invasiveor
non-accessibledetermination, referringto determinationof informationabouttheinteriorof
a bodywithout having accessto the interior, or even thebody itself. This requiresthatone
sendswavesthroughthe interior in the form of light waves,x-rays,or ultrasound,or that
onemakeselectrostaticboundarymeasurements.Onethenanalyzesthe resultsin orderto
determinethe propertiesof the interior. The forward problemis the prediction,with prior
knowledgeof the interior of the body, of the valuesof the measurementsobserved on the
boundary. The inverseproblemis to determinethe interior from knowledgeonly of these
boundarymeasurements.This is typically muchmoredifficult, andeven proving that the
observedresultscancomefrom only oneinterior canbequitedifficult. This is thequestion
of uniqueness.

Examplesof well-known inverseproblemsincludex-raytomography, ultrasoundimaging,
MRI imaging,andearthsub-structureexploration.Thepotentialpracticalapplicationsmake
inverseproblemsof active interestto boththeacademicandappliedworlds.Furthermore,the
naturalaccessibilityandtheimportanceof theirpracticalapplicationsmakeinverseproblems
particularlyeasyto explain to undergraduatesandto thepublic in general.Thusmy research
interestsareableto beincorporatedinto all facetsof my academicactivities.

My doctoralresearchwas the study of an inverseproblemarising in electrodynamics.
When an electromagneticbody is immersedinto a time-dependentelectric field, a time-
dependentmagneticfield is induced.The relationshipbetweenthesefields is describedby
Maxwell’s equationswhich dependon the electromagneticparametersof the body, for ex-
ample,theconductivity. Typically, threesuchparametersareconsidered;a fourthphysically
significantparameter, thechirality of thebody, is oftenneglected.Presenceof chirality re-
sults in a rotation of the electromagneticfields, and requiresan alterationin the form of
Maxwell’s equations.I have proven that for sucha body, thechirality andotherparameters
areuniquelydeterminedby informationobtainableat theboundary. In otherwords,two dif-
ferentchiralelectromagneticbodiescannotgive riseto thesameboundaryinformation.The
underlyingtechniquesinvolvedin theproofof this resultarethoseof microlocalanalysis.A
moreprecisestatementof thetheoremandfurtherrelatedresultsareincludedbelow.

ProfessorAdrian Nachmanand myself are currently involved in an exciting research
projectonwhichwehavebeenworkingfor thelastyearor more.Dr. Nachmanhasbeencol-
laboratingfor severalyearswith ProfessorWaagof theelectricalandcomputingengineering
departmentontheproblemof reconstructingimagesof humantissuefrom experimentaldata
recordedby ProfessorWaag’s stateof theart ultrasoundinstrument.I have joinedthis team
andwe areseekingto developa numericallystablealgorithmto producesuchimages.The
implicationsof thisresearcharefar-reachingandweexpectnew andground-breakingresults
in thenearfuture. Theresearchencompassesquestionsin analysis,numericalimplementa-
tion, andpracticalapplication.
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I amcurrentlyalsoworkingonaninverseproblemin Riemanniangeometry. Briefly, given
aRiemannianmetriconamanifold,onehasanelliptic operatortermedtheLaplace-Beltrami
operatorwhich is ageneralizationof theEuclideanLaplacian.Thisoperatorcanbeextended
to acton � -forms. A significantopenquestionin inverseproblemsis whethera metriccan
bedeterminedfrom boundaryinformationfor theLaplace-Beltramioperatoron functions.I
have beenlooking at theproblemof determiningthemetric from boundaryinformationfor
this operatoractingon � -forms, restrictingmyself to the caseof metricsconformalto the
Euclidean.

Otherresearchactivities includeworkingwith agraduatestudentfrom thegeologydepart-
menton determiningthe straintensorof deformedrock samplesfrom field measurements.
I have alsoworkedwith ProfessorsMichaelGageandNachmanon trying to determinethe
presenceof an“obstacle”in anobject,without prior knowledgeof thebackgroundmedium.
Thishasleadto aninterestingbasisanddualbasisfor thespaceof square-integrablefunctions
ontheboundaryof anarbitrarydomain,generalizingthenotionof aFourierseriesexpansion
of a functionon theunit circle.

ProfessorsGage,Nachmanand myself were awardeda threeyear NSF grant to work
on inverseproblemsin geometryandpartial differential equations.As well as the works
mentionedabove,wehave a programof researchincludingproblemsin boundaryrigidity of
Riemannianmetrics,a time-dependenthyperbolicboundaryvalueproblemfor afixedsource
on the boundary, determinationof crackswithin an inhomogeneousmedium,and infinite
orderboundarydeterminationof Riemannianmetrics.

Dr. JennNan WangandI have proposedinvestigatingthe questionof determinationof
chirality in anelectromagneticbodyfrom bi-staticscatteringinformation.

2. OUTLINE OF PREVIOUS WORK

In [11], SylvesterandUhlmannproved that the conductivity of a body canbe uniquely
identified from information obtainedonly from the boundary. In [4], Lee and Uhlmann
showed that the full Taylor seriesof the conductivity can be determinedat the boundary
of a bodyfrom thesameinformation. If a time dependenceis introducedto theelectromag-
neticfields, theequationsgoverningthesefieldschangefrom a singlesecondorderelliptic
partial differentialequationto the full Maxwell’s equations.In [10] Somersaloet al. pre-
senteda boundarymapfor time-harmonicfieldsat a fixedfrequency andraisedthequestion
of whethertheparametersdescribingtheelectromagneticpropertiesof thebodycouldbede-
terminedfrom knowledgeof this boundarymap.In [8] it wasshown thattheparametersare
recoverableprovidedthey areknown in asmallneighborhoodof theboundaryof thebody.

In all thesetreatments,theconstituentequations,describingthe dependenceof theelec-
tric displacementandthemagneticinductionon theelectromagneticfields,do not take into
accountthechirality of thebody. Chirality is anasymmetryin themolecularstructure.Pres-
enceof chirality resultsin therotationof thefields. Suchobservationsareusedin physical
chemistryto characterizemolecularstructures.

Theresultsof my dissertationpertainto includingchirality andproving thatknowledgeof
a boundarymapuniquelydeterminesthe chirality � aswell asthe conductivity � , andthe
electricpermittivity � assumingthe magneticpermeability� to be known. All parameters
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areassumedto be smoothand isotropic (that is, scalar). Maxwell’s equationsfor a chiral
bodyarepresentedin thefollowing boundaryvalueproblem.
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2.1. Boundary Determination of Electromagnetic Parameters. [5], [3]
Theresultsin inverseboundaryvalueproblemstendto requireknowledgeof parameters

on theboundaryof thebody, asassumedin [8]. In [5] I proved that from W we canrecon-
structall parameterstogetherwith their first normalderivativesat theboundary. We rewrite
Maxwell’s equationsasa systemof secondorderequationsb �dcO% * �

with principalpartthe
Laplacian,andisolatingthenormaldirection,considerthisasaquadratic equationin normal
differentiation.This quadraticis thenfactorizedin termsof a pseudodifferentialoperatore
which is of first order in the tangentialvariables

c 9 , anddependssmoothlyon the normal
variable

c � . This factorizationis donemodulosmoothing:b �dcO% *[fhg �i�j� * fRk I Fml6�dc<� I F e �dcY% *[fhg �4�n� * fRk MoF e �dcY% *[fhg �4�
modulosmoothing,where

l
is a matrix multiplier, and * � I Fp� f . We thenshow that the

boundarymap W canbeexpressedasapseudodifferentialoperatorin termsof theoperatore .
Computingthe two termsof highestorderhomogeneityin anasymptoticexpansionfor the
symbolof W , wefind thatthesedetermineall four parametersandtheirnormalderivatives,at
theboundary. Thiscanbeshown to besufficient to remove theboundaryassumptionin [8].

The maindifficulties that arisearein the complexity of the computationsin this caseof
a systemof operators,andtheproblemof handlinga generalnon-flatboundary. The latter
is overcomefor the first two termsin the symbolexpansionby choosinglocal coordinates
whichareflat to first orderin thetangentialdirections.

In [3] MarkJoshiandI provedthat W in factdeterminesall fourparametersto infiniteorder
at theboundary. Thebreakthroughherewastheintroductionof a new classof pseudodiffer-
ential operatorswhich canbe usedto isolateburied information in a complex asymptotic
calculationastheprincipal symbolof a new operator. Computationof this principalsymbol
is significantlysimpler, andcanbeshown to iteratively determineall normalderivativesof
theunknown parametersattheboundary. Wewereableto handlethegeometryof anarbitrary
(smooth)non-flatboundaryfor thedeterminationof everyderivative.

Thesepapersareavailableonlinefrom my personalhome-page,following the“research”
link: www.math.rochester.edu/u/mcdowall.
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2.2. An Electromagnetic Inverse Problem in Chiral Media. [6]
Themaintheoremis thefollowing:
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We mustshow that therearesufficiently many solutionsof suitablea form to concludethat
eachcomponentof theintegrandin (2) is zero.Thetechniqueis to usecomplex geometrical
opticsin themannerof [11] andmany subsequentpapers;thatis weconstructexponentially
growing solutionsdependingon a complex parameter� andexaminetheasymptoticsasthe
size of � getslarge. Ratherthan constructsolutionsto Maxwell’s equationsdirectly, we
follow theideaof OlaandSomersaloin [9] andintroduceanew � ; � system�+l�� B �HM��:�n�+l6� B �YM�� 9 �����E���DM���M��=���j�N#
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, such

a reductiondoesnot seempossible,andsoherewe mustconstructsolutionsto a first order
perturbationof theLaplacian.
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Theright handsidecanbeinverted,and
® �

is constructedto beinvertiblefor large � , sowe
have ameansto constructthedesiredsolutions.Constructionof

® �
involvesdividing phase-

spaceinto theregion where
� � M�� ¬�

is elliptic, andits complement,andthenconstructing® �
in eachpartseparately. Wethendefinee � and ¯ � in termsof

® �
.

Theremainingdifficulty is in isolatingeachtermin theintegrandof (2). This is achieved
by carefulchoiceof � and

¡x.v¢ �
, andcomputingthehighestordertermsin thedotproductsof

thefields in this integrand. Thefieldsareof orderonein
� � � andsowe might expectorder

two termsin theproducts;this fails to be the case,andwe areleft needingto computethe
termsof orderonein theproducts.Thesecomputationsareverycomplex andit is non-trivial
to extracttheclaimof thetheorem.It is in thiscomputationthatthenecessityto assumethat
themagneticpermeabilitiesareequalarises.

Thispaperis availableonlinefrom my personalhome-page,following the“research”link:
www.math.rochester.edu/u/mcdowall.

3. ULTRASOUND IMAGING

The major researchprojectwith which I am currently involved is in collaborationwith
ProfessorAdrian Nachman,andfurtherwith ProfessorRobertWaagof theUltrasoundRe-
searchLaboratory, departmentof electricalandcomputerengineering,andhis colleagues.
Waag’s laboratorypossessesastateof theartultrasoundinstrumentcapableof obtainingout-
standinglyhigh precisionmeasurementsin a large frequency range(typically 1 to 5 MHz).
Nachman’s involvementwith Waaggoesbackmany years,andit hasbeenauniqueandexcit-
ing opportunityto join their team.Duringthesummerof 1999,I wasfundedfor onesummer
monthby oneof theultrasoundresearchlab.’s NIH grants.This collaborationhasprovided
an excellentopportunityto learna greatdealaboutthe engineeringapproach,abouttheir
skills andintuition, aboutnumericalimplementation,andaboutthe extensive opportunities
availablefor constructive collaborationbetweenourdisciplines.

Theultrasoundinstrumentis a 150mmdiameterring of 2048transducers.With this ap-
paratus,arbitraryprescribedwave forms canbe transmitted,received wavesrecorded,and
donesowith any transmitandreceive apertureableto besynthesized.Inherentin suchan
instrumentis theproblemof thering itself actingasa boundaryreflectorresultingin waves
bouncingbackandforth within the ring, requiringa very complicatedmodelingboundary
valueproblem. This problemis removed by the inclusionof a lenswhich servestwo very
importantfunctions. Firstly it is absorbing,andso any waveswhich returnto the ring do
not get reflectedback,andsecondlyit focusesthe waves into a plane,despitetheir being
generatedin a cylinder. Furthermore,the materialpropertiesof the lensaresuchthat it is
impedancematchedto thebackgroundmedium(water)sothatthereis no jumpdiscontinuity
in themediumat the interface. Becauseof theabsorptionof waves,thephysicaldynamics
maybemodeledasascatteringproblem,ratherthanaboundaryvalueproblem.It is possible
to extrapolatemeasurementsmadeat thetransducerring to far-field measurements,asif the
measurementsweremadeatagreatdistancefrom thering.

The mathematical,andpractical,problemin questionis that of reconstructingan image
from knowledgeof thescatteringamplitudein a certainfrequency range.Thepartialdiffer-
entialequationmodelingthissystemis thewave equation,with thewave initially prescribed
at infinity, andthescatteredwaveobservedat infinity. This is asignificantdeparturefrom the
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elliptic boundaryvalueproblemconsideredin my dissertation,andsoI havehadtheopportu-
nity andnecessityto learnandresearchin anotherareaof inverseproblems.This refocusing
hasbeenstimulatingandchallenging,andtheopportunityto do so is onewhich hasalways
attractedmeto research.

Theultrasoundlab hasvery high quality phantomtestobjectswith backgroundmedium
having differentsoundspeedfrom water, andwith furtherinhomogeneitieswithin. Theseare
generally6 to48mmin diameter. Currently, theprincipalmethodfor reconstructinganimage
from datais usingtheBorn approximation,theresultof linearizingthenon-linearproblem.
For theobjectsof interesthere,theBornapproximationperformspoorly; it is insufficient for
recoveringtheinnerstructureof ourobjects.

Wearecurrentlyinvestigatingastablenumericalprocedurefor non-linearinversionwhich
goesbeyond the Born approximation.Waag’s lab hasdevelopedan accurateandfast for-
ward solver which cancalculatesyntheticscatteringdatafor inhomogeneousmedia. This
solver cleverly absorbswavesat theboundaryof theregion of computation,thusremoving
reflectionsfromthisartificially imposedboundary. Weplanto usethisforwardsolver in com-
binationwith recentandpromisingideason stabilizationof layer strippingalgorithms.The
forwardsolverusesatechniqueof marchingsimultaneouslyin timeandin Fourierspace,and
we areinvestigatingtheuseof a similar marchingtechniquein the inverseproblem.This is
anambitiousandpromisingresearchprogramwith far-reachingpotential.Thedevelopment
of a workingnumericalmethodfor acousticimagingis ahighly soughtaftergoal.

4. DETERMINATION OF A RIEMANNIAN METRIC FROM BOUNDARY VALUES OF

HARMONIC FORMS

Let ± beasmoothRiemannianmanifoldwith smoothboundary
� ± , andlet ² �E� ²|³ z)� be

theRiemannianmetrictensoron ± . Wedenoteby
�`´µ� ± �

thespaceof smooth� -formsover± , andby
� ´ ��� ± �

, thespaceof smooth� -formson
� ± . Themetric ² inducesa volume

form �K� �°¶�� ± �
, andhencea Hodge-staroperator·[X �`´£� ± ��Z¸�°¶ ¹ ´µ� ± �

definedby the
requirementthatfor any º�� �`´£� ± �

, ·Rº C º �¼» º % º<½p¾�� . If ¿ is theexteriorderivative, andÀ
theformaladjointwith respectto theinducedÁ w -product� º %4Â&� ¾ � �µÃ º C · ÂV%

thentheLaplace-Beltramioperatoron
� ´ � ± �

with respectto themetric ² is� ¾ � ¿ À M À ¿�X � ´ � ± �iZÄ� ´ � ± � T
A form ºS� �`´µ� ± �

is calledaharmonicform if
� ¾ º �N#

.
For

#
-formsonehasthesocalledDirichlet to Neumannmap ÅÆ¾ which mapsa functionÇ

on
� ± to thenormalderivative of º at theboundary, where º solvestheboundaryvalue

problem � ¾ º � #
in ±º � P Ã � Ç T

It is known thatknowledgeof ÅÆ¾ doesnot uniquelydeterminethemetric ² . Indeed,if È is
any diffeomorphismof ± which is the identity on theboundary, and ² 9 is thepull-backof
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only obstructionto uniqueness.

Onemay ask the analogousquestionfor � -forms. In [1] the following boundaryvalue
problemis shown to bewell posed:

THEOREM 3. Given ÉÊ� � ´ ��� ± �
and

¤ � � ¶�¹ ´ ��� ± �
there existsa unique� -form ºG��`´µ� ± �

solvingthefollowingboundaryvalueproblem:� ¾ º � #
in ±(3) ËmÌ º � É(4) ËmÌ � ·Rº �Í� ¤

(5)

Wecannow definethefollowing boundarymapÅ ¾ X � ´ ��� ± � ; � ¶�¹ ´ ��� ± �iZÄ� ¶ ¹ ´)¹ t ��� ± � ; � ´)¹ t ��� ± � T
Given

� É %4¤°� � � ´ ��� ± � ; � ¶�¹ ´ ��� ± �
let ºÎ� � ´ � ± �

solve (3)-(5), anddefineÅ ¾ � É %4¤°�Æ�E� Ë Ì � ·2¿ º �}% Ë Ì � ·2¿�·�º �4�i��� Å t¾ É % Å w¾ ¤°� T
Onemaynow askwhetheror not knowledgeof ÅÆ¾ for � -forms(� fixed)uniquelydeter-

minesthemetric ² . In full generalitythis is arguablya moredifficult questionthantheopen
questionfor Å ¾ on functions.I amcurrentlystudyingthefollowing restrictedconjecture:

CONJECTURE 4. Supposethat ± Ï�Ð ¶ is a domainwith smoothboundary
� ± . Let

� ± % ² �
and

� ± %)Ñ² � be ± equippedwith the metrics ² and
Ñ² respectively, and assumethat ² andÑ² are conformalto the Euclideanmetric � . If the boundarymaps Å ¾ and Å\Ò¾ are equalon�`´µ��� ± � ; �°¶�¹ ´&��� ± �

then ² ��Ñ² throughout± .

Mark JoshiandWilliam Lionheart[2] appliedtheboundarydeterminationtechniquesof
Joshi-McDowall [3] to thecaseof determiningthemetricat theboundaryfrom knowledgeofÅ ¾ andprovedthatindeedthemetricis uniquelydeterminedto infinite orderat theboundary.

Thekey startingpoint for proving theabove conjecturefor determinationof ² in theinte-
rior of ± is thefollowing integral identity: if º %�Ñº�� � ´ � ± �

solve
� ¾ º �D#

and
� Ò¾ Ñº ��#

,
andif Å ¾ � Å\Ò¾ , then

(6)
� Ã�Ó � I �2� ¶v´ ¿�·�º C Ñ·2¿ Ñ· Ñº�I�¿ �ÕÔ ¹ ´2¬�¶uÖ w º � C Ñ·2¿ Ñº

I � I �2� ¶v´ ¿ Ñ· Ñº C ·2¿�·�º M ¿ �ÕÔ ´)¹£¶uÖ w Ñº C ·2¿ ºV× �N# T
Here,

Ñ· is theHodge-staroperatorfor themetric
Ñ² .

I am ableto constructexponentiallygrowing solutionsto
� ¾ º ��#

usingtechniquesof
microlocalanalysis. It remainsto show that therearesufficiently many suchsolutionsto
concludefrom (6) that ² �¼Ñ² .

I expectthisto openanumberof avenuesof futureresearchalongtheselines.It is possible
thattheboundaryoperatorÅÆ¾ is in somesensericherwhenknown on � -formsandmayyield
accessto identifiability resultsfor moregeneralmanifolds,andmoregeneralmetrics.
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