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1. INTRODUCTION

My principal areaof researchinterestis that of inverse problemsin partial differential
equations.Briefly, an inverseproblemmay be describedas a problemof non-irvasiveor
non-accessibldeterminationreferringto determinatiorof informationabouttheinterior of
a bodywithout having accesgo the interior, or eventhe body itself. This requiresthatone
sendswavesthroughthe interior in the form of light waves, x-rays, or ultrasound,or that
onemakeselectrostatidbboundarymeasurementsOnethenanalyzeghe resultsin orderto
determinethe propertiesof the interior. The forward problemis the prediction,with prior
knowledgeof the interior of the body of the valuesof the measurementsbsenred on the
boundary The inverseproblemis to determinethe interior from knowledgeonly of these
boundarymeasurementsThis is typically much more difficult, and even proving that the
obsenred resultscancomefrom only oneinterior canbe quite difficult. Thisis the question
of uniqueness.

Examplef well-knowvn inverseproblemsancludex-ray tomographyultrasoundmaging,
MRI imaging,andearthsub-structurexploration. The potentialpracticalapplicationamake
inverseproblemsof active interestto boththeacademi@ndappliedworlds. Furthermorethe
naturalaccessibilityandtheimportanceof their practicalapplicationgnake inverseproblems
particularlyeasyto explainto undegraduatesndto the publicin general.Thusmy research
interestsareableto beincorporatednto all facetsof my academi@ctiities.

My doctoralresearchwas the study of an inverseproblemarisingin electrodynamics.
When an electromagnetidody is immersedinto a time-dependenelectric field, a time-
dependenimagneticfield is induced. The relationshipbetweenthesefields is describedoy
Maxwell's equationswhich dependon the electromagnetiparametersf the body for ex-
ample the conductvity. Typically, threesuchparameterareconsidereda fourth physically
significantparameterthe chirality of the body, is often neglected. Presencef chirality re-
sultsin a rotation of the electromagnetidields, and requiresan alterationin the form of
Maxwell’'s equations. have proventhatfor suchabody the chirality andotherparameters
areuniquelydeterminedy informationobtainableat the boundary In otherwords,two dif-
ferentchiral electromagnetibodiescannotgive riseto the sameboundaryinformation. The
underlyingtechniquesnvolvedin the proof of this resultarethoseof microlocalanalysis A
moreprecisestatemenof thetheoremandfurtherrelatedresultsareincludedbelow.

ProfessorAdrian Nachmanand myself are currently involved in an exciting research
projecton whichwe have beenworkingfor thelastyearor more.Dr. Nachmarhasbeencol-
laboratingfor severalyearswith ProfessoMWaagof the electricalandcomputingengineering
departmenbn theproblemof reconstructingmagesof humantissuefrom experimentablata
recordedby ProfessoWaags stateof the art ultrasoundnstrument.l have joinedthis team
andwe areseekingto develop a numericallystablealgorithmto producesuchimages.The
implicationsof thisresearclarefarreachingandwe expectnew andground-breakingesults
in the nearfuture. Theresearchencompasseguestionsn analysisnumericalimplementa-
tion, andpracticalapplication.
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I amcurrentlyalsoworking onaninverseproblemin Riemanniargeometry Briefly, given
aRiemanniammetricon amanifold,onehasanelliptic operatotermedthe Laplace-Beltrami
operatomwhichis ageneralizatiomf the Euclidean_aplacian.This operatorcanbeextended
to acton p-forms. A significantopenqguestionin inverseproblemsis whethera metric can
be determinedrom boundaryinformationfor the Laplace-Beltramoperatoron functions. |
have beenlooking at the problemof determiningthe metric from boundaryinformationfor
this operatoracting on p-forms, restrictingmyself to the caseof metricsconformalto the
Euclidean.

Otherresearclactvitiesincludeworkingwith agraduatestudenfrom thegeologydepart-
menton determiningthe straintensorof deformedrock samplesfrom field measurements.
| have alsoworked with Professordichael GageandNachmaron trying to determinethe
presencef an“obstacle”in anobject,without prior knowledgeof the backgroundnedium.
Thishasleadto aninterestingpasisanddualbasisfor thespaceof square-intgrablefunctions
ontheboundaryof anarbitrarydomain,generalizinghenotionof a Fourierseriessxpansion
of afunctionontheunit circle.

Professorgsage,Nachmanand myself were awardeda threeyear NSF grantto work
on inverseproblemsin geometryand partial differential equations. As well asthe works
mentionedabore, we have a programof researctincludingproblemsin boundaryrigidity of
Riemanniammetrics,atime-dependertiyperbolicboundaryalueproblemfor afixedsource
on the boundary determinationof crackswithin an inhomogeneousnedium, and infinite
orderboundarydeterminatiorof Riemanniarmetrics.

Dr. JennNanWangand| have proposednvestigatingthe questionof determinatiorof
chirality in anelectromagnetibodyfrom bi-static scatteringnformation.

2. OUTLINE OF PREVIOUS WORK

In [11], Sylvesterand Uhlmannproved thatthe conductvity of a body canbe uniquely
identified from information obtainedonly from the boundary In [4], Lee and Uhlmann
shaved that the full Taylor seriesof the conductvity can be determinedat the boundary
of abodyfrom the sameinformation. If atime dependencés introducedto the electromag-
netic fields, the equationggoverningthesefields changefrom a single secondorderelliptic
partial differentialequationto the full Maxwell’s equations.In [10] Somersalcet al. pre-
senteda boundarymapfor time-harmonidieldsat afixedfrequeng andraisedthe question
of whetherthe parametergescribingheelectromagnetipropertief thebodycouldbede-
terminedfrom knowledgeof this boundarymap. In [8] it wasshavn thatthe parameterare
recoverableprovidedthey areknown in asmallneighborhooaf the boundaryof the body

In all thesetreatmentsthe constituentequationsdescribingthe dependencef the elec-
tric displacemenandthe magnetianductionon the electromagnetifields, do not take into
accounthe chirality of thebody Chirality is anasymmetryin themolecularstructure Pres-
enceof chirality resultsin therotationof the fields. Suchobserationsareusedin physical
chemistryto characterizenolecularstructures.

Theresultsof my dissertatiorpertainto including chirality andproving thatknowledgeof
a boundarymapuniquelydetermineghe chirality 8 aswell asthe conductity +, andthe
electricpermittivity o assuminghe magneticpermeabilityu to be known. All parameters
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areassumedo be smoothandisotropic (thatis, scalar). Maxwell's equationgfor a chiral
bodyarepresentedh thefollowing boundarywalueproblem.

1
THEOREM 1. LetF € THY, (09) = {F € H:(0Q)3 |v- F = 0, DIVF € H2(9Q)3}
Theeris adiscretesetD containingno limit pointsin (0, wg) sud thatfor all w € (0, wp)\D
there existunique(E, H) € D'(92)3 x D'(2)3 solvingthefollowingboundaryalueproblem:

VAE =iw(uH — BE)
(1) VANH =—iw(cE + H)

Here v is the outerunit normalvectoron of2.

1 1
We may thus definethe boundaryadmittancemapIl : THJ. (09Q) — THJ; (09) as

Div
1
follows. GivenF' € THJ; (0€?) let (E, H) solwve (1) anddefine

IIF = H(V/\E|QQ) = I//\H‘ag.

2.1. Boundary Deter mination of Electromagnetic Parameters. [5], [3]

The resultsin inverseboundaryvalue problemstendto requireknowvledgeof parameters
on the boundaryof the body asassumedn [8]. In [5] | provedthatfrom IT we canrecon-
structall parametersogethemwith their first normalderivativesat the boundary We rewrite
Maxwell’'s equationssa systemof secondrderequationsM (z, D) with principalpartthe
Laplacianandisolatingthenormaldirection,considetthis asa quadmtic equationn normal
differentiation. This quadratids thenfactorizedn termsof a pseudodierentialoperatorB
which is of first orderin the tangentialvariablesz’, and dependsmoothlyon the normal
variablezs. Thisfactorizations donemodulosmoothing:

M(z,Dyr) = (Dygy — iP(z) — iB(z, Dyr))(Dzy + 1B(x, Dyr))

modulosmoothingwhere P is a matrix multiplier, and D = —i9,,. We thenshav thatthe
boundarymapIl canbeexpresse@sa pseudodierentialoperatoiin termsof theoperatorB.
Computingthe two termsof highestorderhomogeneityin an asymptoticexpansionfor the
symbolof I, we find thatthesedetermineall four parameterandtheir normalderivatives,at
theboundary This canbe shavn to be suflicient to remove the boundaryassumptiorin [8].

The maindifficulties that arisearein the complity of the computationsn this caseof
a systemof operatorsandthe problemof handlinga generalnon-flatboundary The latter
is overcomefor the first two termsin the symbolexpansionby choosinglocal coordinates
which areflat to first orderin thetangentiadirections.

In [3] Mark Joshiandl provedthatll in factdeterminesill four parameterso infinite order
attheboundary Thebreakthrougtherewastheintroductionof a new classof pseudodier-
ential operatorswhich canbe usedto isolate buried informationin a complex asymptotic
calculationasthe principal symbolof a new operator Computatiorof this principalsymbol
is significantlysimpler andcanbe shavn to iteratively determineall normalderiatives of
theunknavn parameterattheboundary We wereableto handlethegeometryof anarbitrary
(smooth)non-flatboundaryfor the determinatiorof every derivative.

Thesepapersareavailableonline from my personahome-pagefollowing the “research”
link: www. mat h. r ochest er. edu/ u/ ncdowal | .



4

2.2. An Electromagnetic I nverse Problem in Chiral Media. [6]
Themaintheoremis thefollowing:

THEOREM 2. Let(Q;e1, u, B1) and(; &2, u, B2) betwoelectomagneticbodieswith smooth
electomaynetic parametes, and with the samesmoothboundaryd2. SupposehatIl; =
1

Ily; thatis, if F € THBiV(BQ) and (E;, H;) solve (1) with parametes (e, u, 8;) for
j=1,2,then

ILF=vA H1|aQ =vA H2|aQ =IIF.
Thenthroughout(?, ¢; = g9, and By = fs.

We shaw thatif (E;, H;) solve Maxwell's equationdor parameterse;, 115, 5;), 7 = 1,2,
andif II; = Il,, then

2) /Q((ﬂl — Bo)(Hy - Eo+ Hy - Ey) + (1 — €2) By - Eo + (po — ) Hy - Hz) =0

We mustshaw thatthereare sufficiently mary solutionsof suitablea form to concludethat
eachcomponenbf theintegrandin (2) is zero. Thetechniquds to usecomplel geometrical
opticsin themannerof [11] andmary subsequemapersthatis we constructexponentially
growing solutionsdependingon a comple parametep andexaminethe asymptoticasthe
size of p getslarge. Ratherthan constructsolutionsto Maxwell’s equationsdirectly, we
follow theideaof OlaandSomersalaon [9] andintroduceanew 8 x 8 system

(P(V)+V)(P(V)+ V)Y =(A+N+Q)Y =0

whereP(V) andN arefirst orderdifferentialoperatorsandV, V' and@ arematrix multipli-
ers.Thisis donein suchawaythatif Y is asolutionto thissystemandX = (P(V)+V")Y
is suchthatthefirst andlastcomponent®f X arezero,thenthevectorfields (X9, X3, X4)'
and(X3, Xg, X7)' solve Maxwell’'s equations.

We constructexponentiallygrowing solutionsto (A + N + Q)Y,, = 0 of theformY,, =
e (yo,p+1b,) With p € C? satisfyingp- p = w?eopuo, With yo , an8-vectorwhichis constant
in z andchoserto dependon p in a corvenientway, and+, constructedsothat, — 0 in
somesensas|p| — oo. In [9] wherechirality wasnottakeninto accoun{s = 0) thesystem
aboveincludednofirst orderterm N, andsotheauthorswvereableto usethemethodsof [11]
to constructexponentiallygrowing solutionsto a Schibdingerequation.Wheng # 0, such
areductiondoesnot seempossible andso herewe mustconstructsolutionsto a first order
perturbatiorof the Laplacian.

Thefinal ingredientis to setX, = (P(V) + V')e*(yo,, + 9,) andshav thatwe can
chooseyg , in suchaway that X, yields solutionsto Maxwell's equationsandto usethese
solutionsin (2) to prove theclaim of theoren2.

Constructiorof the solutionsY,, requiresaninvolved microanalyticapproachfirst intro-
ducedin [7] in the contet of aninverseproblemin elasticity We considerthe operator
A + N + @ conjugateddy e**, denotedA , + N;f, andconstruct'intertwining operators”
A,, B,, andC,, suchthat

(A, + N)A, = B,(A, + C,).
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Theright handsidecanbeinverted,and A,, is constructedo beinvertible for large p, sowe
have ameango constructhe desiredsolutions.Constructiorof A, involvesdividing phase-
spacento theregionwhereA, + Np+ is elliptic, andits complementandthenconstructing
A, in eachpartseparatelyWe thendefineB, andC,, in termsof A,.

Theremainingdifficulty is in isolatingeachtermin theintegrandof (2). Thisis achiered
by carefulchoiceof p andy,,, andcomputingthe highestordertermsin the dot productsof
the fieldsin this integrand. Thefields are of orderonein |p| andsowe might expectorder
two termsin the products;this fails to be the case,andwe areleft needingto computethe
termsof orderonein the products.Thesecomputationgrevery complex andit is nhon-trivial
to extractthe claim of thetheorem It is in this computatiorthatthe necessityto assumehat
themagnetigpermeabilitiesareequalarises.

This papetis availableonlinefrom my personahome-pagefollowing the“research’link:
www. mat h. rochest er. edu/ u/ ncdowal | .

3. ULTRASOUND IMAGING

The major researctprojectwith which I am currentlyinvolved is in collaborationwith
ProfessoAdrian Nachmanandfurtherwith ProfessoRobertWaagof the UltrasoundRe-
searchLaboratory departmenbf electricaland computerengineeringand his colleagues.
Waags laboratorypossessesstateof theart ultrasoundnstrumentapableof obtainingout-
standinglyhigh precisionmeasurements a large frequeng range(typically 1 to 5 MHz).
Nachmars involvementwith Waaggoeshackmary years andit hasbeenauniqueandexcit-
ing opportunityto join theirteam.During the summetrof 1999, wasfundedfor onesummer
monthby oneof the ultrasoundresearchab’s NIH grants. This collaborationhasprovided
an excellentopportunityto learn a greatdeal aboutthe engineeringapproachabouttheir
skills andintuition, aboutnumericalimplementationandaboutthe extensve opportunities
availablefor constructie collaboratiorbetweerour disciplines.

The ultrasoundnstrumentis a 150mmdiametering of 2048transducersWith this ap-
paratus arbitrary prescribedvave forms can be transmitted receved waves recorded.and
donesowith ary transmitandreceve apertureableto be synthesizedInherentin suchan
instruments the problemof thering itself actingasa boundaryreflectorresultingin waves
bouncingbackandforth within the ring, requiringa very complicatedmodelingboundary
value problem. This problemis removed by the inclusionof a lenswhich senestwo very
importantfunctions. Firstly it is absorbing,andso ary waveswhich returnto the ring do
not get reflectedback, and secondlyit focusesthe wavesinto a plane,despitetheir being
generatedn a cylinder Furthermorethe materialpropertiesof the lensaresuchthatit is
impedancenatchedo thebackgroundnedium(water)sothatthereis no jump discontinuity
in the mediumat the interface. Becauseof the absorptionof waves, the physicaldynamics
maybemodeledasascatteringproblem ratherthanaboundaryalueproblem.lt is possible
to extrapolatemeasurement®adeat the transducering to far-field measurementssif the
measurementseremadeat a greatdistancefrom thering.

The mathematicaland practical,problemin questionis that of reconstructinganimage
from knowledgeof the scatteringamplitudein a certainfrequenyg range.The partial differ-
entialequatiormodelingthis systemis thewave equationwith thewave initially prescribed
atinfinity, andthescatteredvave obseredat infinity. Thisis asignificantdeparturdromthe
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elliptic boundaryalueproblemconsideredn my dissertationandsol have hadtheopportu-
nity andnecessityto learnandresearchn anotherareaof inverseproblems.This refocusing
hasbeenstimulatingandchallengingandthe opportunityto do sois onewhich hasalways
attractedmeto research.

The ultrasoundab hasvery high quality phantomtestobjectswith backgroundmedium
having differentsoundspeedrom watet andwith furtherinhomogeneitiewvithin. Theseare
generallyé to 48mmin diameter Currently theprincipalmethodfor reconstructingnimage
from datais usingthe Born approximationtheresultof linearizingthe non-linearproblem.
For the objectsof interesthere the Born approximatiorperformspoorly; it is insufiicient for
recoveringtheinnerstructureof our objects.

We arecurrentlyinvestigatinga stablenumericalprocedurdor non-linearinversionwhich
goesbeyond the Born approximation. Waags lab hasdevelopedan accurateand fast for-
ward solver which can calculatesyntheticscatteringdatafor inhomogeneoumedia. This
solver cleverly absorbswavesat the boundaryof the region of computationthusremoving
reflectiondrom thisartificially imposedoundary We planto usethis forwardsolverin com-
binationwith recentand promisingideason stabilizationof layer stripping algorithms.The
forwardsolver usesatechnigueof marchingsimultaneouslyn time andin Fourierspaceand
we areinvestigatingthe useof a similar marchingtechniquean theinverseproblem. Thisis
anambitiousandpromisingresearctprogramwith farreachingpotential. The development
of aworking numericalmethodfor acoustidmagingis a highly soughtaftergoal.

4. DETERMINATION OF A RIEMANNIAN METRIC FROM BOUNDARY VALUES OF
HARMONIC FORMS

Let M beasmoothRiemanniammanifoldwith smoothboundaryp M, andletg = (g;;) be
theRiemanniammetrictensoron M. We denoteby QP (M) the spaceof smoothp-formsover
M, andby QP(OM), the spaceof smoothp-formson 9M. Themetricg inducesa volume
formo € Q"(M), andhencea Hodge-staoperator : QP (M) — Q™ P(M) definedby the
requirementhatfor ary u € QP (M), u A u = (u,u), o. If d is theexterior derivative, and
¢ theformal adjointwith respecto theinducedZL?-product

(u,v)q :/ u A *v,
M

thenthe Laplace-Beltramoperatoron 2P (M) with respecto themetricg is
Ag=dd+dd: QP(M) — QP(M).
A formu € QP(M) is calledaharmonicform if Aju = 0.
For 0-forms onehasthe so calledDirichlet to Neumanmap A, which mapsa function

f on @M to the normaldervative of u at the boundarywhereu solvesthe boundaryalue
problem

Agu = 0 in M

ulopy = f.
It is known thatknowledgeof A, doesnot uniquelydeterminethe metricg. Indeed,f @ is
ary diffeomorphismof M which is the identity on the boundaryandg’ is the pull-backof
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g underthis diffeomorphismthenA, = qu. It is an openproblemasto whetherthis is the
only obstructionto unigueness.

One may askthe analogougjuestionfor p-forms. In [1] the following boundaryvalue
problemis shawvn to bewell posed:

THEOREM 3. Giveny € QP(OM) andy € Q" P(OM) ther existsa uniquep-formu €
QP (M) solvingthefollowing boundaryvalueproblem:

(3) Agu = 0 in M
(4) cu= g
(5) C(xu) = 4

We cannow definethefollowing boundarymap
Ay : QP(OM) x Q""P(OM) — Q" P~1(OM) x QP~H(OM).
Given(p, ) € QP(OM) x Q" P(OM) letu € QP (M) solve (3)-(5), anddefine
Ag(p ) = (¢ (xdu), v (xd x u)) = (Agp, A9).

Onemay now askwhetheror not knowledgeof A, for p-forms (p fixed)uniquelydeter
minesthemetricg. In full generalitythis is arguablya moredifficult questionthanthe open
questionfor A, onfunctions.l amcurrentlystudyingthefollowing restrictedconjecture:

CONJECTURE 4. Suppos¢hat M C R" isadomainwith smoottboundaryoM. Let(M, g)
and (M, g) be M equippedwith the metricsg and g respectivelyand assumethat g and
g are conformalto the Euclideanmetrice. If the boundarymapsA, and A; are equalon
OP(OM) x Q" P(OM) theng = g throughoutM .

Mark JoshiandWilliam Lionheart[2] appliedthe boundarydeterminatiortechniqueof
Joshi-McDavall [3] to thecaseof determininghe metricattheboundaryfrom knowledgeof
A4 andprovedthatindeedthe metricis uniquelydeterminedo infinite orderattheboundary

Thekey startingpoint for proving the above conjectureor determinatiorof g in theinte-
rior of M is thefollowing integral identity: if u, @ € QP(M) solve Agu = 0 andAza = 0,
andif A, = Ag, then

(6) / ((—1)”Pd s u A FdFi — AP 2u) A Fda
M

—(=1)"Pd5a A xd * u + dAP" 2@ A *du) = 0.

Here,* is theHodge-staoperatorfor the metricg.

| am ableto constructexponentiallygrowing solutionsto Aju = 0 usingtechniquesof
microlocalanalysis. It remainsto shav that thereare suficiently mary suchsolutionsto
concludefrom (6) thatg = g.

| expectthisto openanumberof avenueof futureresearctalongthesdines. It is possible
thattheboundaryoperatorA is in somesenseicherwhenknown onp-formsandmayyield
accesdo identifiability resultsfor moregeneraimanifolds,andmoregeneralmetrics.
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